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AKINARI HOSHI AND KATSUYA MIYAKE 

Abstract. Let k be an arbitrary field. We study a general method to solve 
the subfield problem of generic polynomials for the symmetric groups over k via 
Tschirnhausen transformation. Based on the general result in the former part, 
we give an explicit solution to the field isomorphism problem and the subfield 
problem of cubic generic polynomials for S3 and C3 over k. As an application 
of the cubic case, we also give several sextic generic polynomials over k. 

1. Introduction 

Let be a fixed base field of arbitrary characteristic and G a finite group. Let 
k{t) be the rational function field over k with m variables t = [ti, . . . ,tm)- A 
polynomial F{ti, . . . , tm] X) G /c(t)[X] is called fc-generic for G if the Galois group 
of F{t;X) over A;(t) is isomorphic to G and every G-Galois extension L/M with 
M D k and #M = 00 can be obtained as L = Spljv/-F(a; X), the splitting field 
of F{a;X) over M, for some a = {ai, . . . ,am) G M"*. By Kemper's Theorem 
[KemOl], furthermore, every i7-Galois extension for a subgroup H of G over an 
infinite field M is also given by a specialization of F{t;X). Examples of generic 
polynomials for various G are found, for example, in [JLY02]. We also give several 
sextic /c-generic polynomials in Section 6. The fact that a fc-generic polynomial for 
G covers all if-Galois extensions {H C G) over M D A; by specializing parameters 
naturally raises a problem; namely, 

Subfield problem of a generic polynomial. Let F{t; X) be a k-generic poly- 
nomial for G. For a field M D k and a, b G M"^, determine whether Spl^F(b; X) 
is a subfield of Spl;;^F(a; X) or not. 

When we restrict ourselves to G-Galois extensions over M for a fixed group G, 
we are to consider a special case of the subfield problem: 

Field isomorphism problem of a generic polynomial. Determine whether 
Splj^F{sL; X) and Splj^.fF{h; X) are isomorphic over M or not for a, b G M™. 
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In this paper, we develop a method to solve the field isomorphism problem of 
/c-generic polynomial for the symmetric group of degree n via Tschirnhausen 
transformation. 

In Section 2, we investigate a geometric interpretation of Tschirnhausen trans- 
formations. Our main idea, which we describe here briefly, is as follows: Let f{X) 
and g{X) be monic separable polynomials of degree n in k[X] for a field k with 
roots q;„ and . . . , respectively, in a fixed algebraic closure of A;. A 

polynomial g{X) e k[X\ is called a Tschirnhausen transformation of f{X) over M 
(d A;) if g{X) is of the form 

n 

(1) g{X) = J](X - (Co + cia^ + • • • + c„_i<-i)), q e M. 

i=l 

Two polynomials f{X) and g{X) in are Tschirnhausen equivalent over M if 
they are Tschirnhausen transformations over M of each other. For two irreducible 
separable polynomials f{X), g{X) e k[X\, the following two conditions are equiv- 
alent: (i) f{X) and g{X) are Tschirnhausen equivalent over M; (ii) the quotient 
fields M[X]/{f{X)) and M[X]/{g{X)) are isomorphic over M. 

Now we replace the roots oc — (ai, . . . , and (3 — . . . , by independent 
variables x = and y = respectively. If we take Ui :— 

Ui{x,y) e M[x,y,A-i] as 



Mi(x,y) = A/ • det 



/ 1 xi ■■■ x{-' yi x{+' ■ ■ ■ xr' \ 

1 X2 • • • 2^2 ^ ^2 ^2^^ ■ ■ ■ ^2 



where Ag = ni<i<j<n('^i ~ -^O' then mq, • • • ,Mn-i correspond to the coefficients 
Co, ... , c„_i of a Tschirnhausen transformation from f{X) to g{X) as in (1). Let 
<&n X act on {x, y} by permuting variables. There are n\ conjugates of itj 
under the action of S„ x ©„ because the stabilizer H :— Stabe„xe„(iii) of ui in 
<3n X <3n is the diagonal subgroup of 6„ x 6„ with if = 6„. Let Sj (resp. tj) 
be the i-th elementary symmetric function in n variables x (resp. y). We put 
K :— k{s,t) — k{si, . . . ,Sn,ti, . . . ,tn), Ls := i^(x) and Lt :— K{y). Then we 
have, for each i, < i < n — 1, the following basic properties: 

(i) (LsLt)^-^^^ = K{ul . . . , uU) = K{ul) for g e G,,t, 

(ii) n K«) = Lt n x«) = X for ^ e G,,t, 

(in) LgLt = Ls(Mf) = Ltiuf) for 51 e G^^t, 
(iv) L,Lt = K«|^ei/\Gg,t). 

In Section 3, we study a specialization of parameters (s, t) (a, b) G x M" 
of polynomials /„(s; X) = HiLil^ ~ ^0 /"(^^ ^) = IliLil^ ~ Vi)- We always 



GEOMETRIC FRAMEWORK FOR THE SUBFIELD PROBLEM 



3 



assume that such a speciahzation (s, t) i-^ (a, b) G M" x M" satisfy the condition 
Aa ■ Ab 7^ 0, i.e. both of /n(a;X) G M[X] and /n(b;X) G M[X] are separable. 
For i,0<i<n — 1, we take a polynomial 

F,(a,b;X) := J] /3)) = H - cf) G M[X], 

3e-ff\e„xe„ geH\enX&n 
of degree n!. Therefore we obtain the following: 

Theorem (Theorem 3.8). For a fixed J, < j < n — 1, and a, b G M" with 
Aa ■ Ab 7^ 0, assume that the polynomial Fj{a,h; X) has no multiple root. Then 
Fj (a,b;X) has a root m M if and only z/M[X]/(/„(a; X)) and M[X]/(/„(b; X)) 
are M-isomorphic. 

Corollary (Corollary 3.9). Let j and a, b G he as above. Assume that both of 
Gal(/„(a; X)/M) and Gal(/„(b; X)/M) are isomorphic to a transitive subgroup G 
of&n (ind that all subgroups ofG with index n are conjugate in G. Then Fj{a., b; X) 
has a root in M if and only if Splj^fn{B-] X) and Spljy^/„(b; X) coincide. 

In Sections 4 and 5, based on the general result in Sections 2 and 3, we give 
an explicit solution to the field isomorphism problem and the subfield problem of 
/c-generic polynomials for 63 and for C3. Here we display some results to /c-generic 
polynomials /^(s;^) := X^+sX+sior S3 and g^'{s;X) := X^-sX^-{s+3)X -1 
for C3. 

For g^'^{s;X), we take coefficients Co,Ci,C2 of a Tschirnhausen transformation 
from g^'-^i^a-jX) to g^'-^{b;X) and we put u := 3ci/c2. Then we get H{a,b;X) : = 
(a-b)- n^eH\6„x6„(^ - where 

H{a, b; X) = a{X^ + 9X - 3af - b{X'^ - 2aX'^ - 9aX - 2a^ - 27a)\ 

Theorem (Theorem 4.10). Assume that char k ^ 3. For a,b & M with a ^ b, 
the decomposition type of irreducible factors h^{X) of H{a,b; X) over M gives an 
answer to the subfield problem of X^ + sX + s as on Table 1 in Section 4- In 
particular, two splitting fields ofX^ + aX + a and ofX^ + bX + b over M coincide 
if and only if there exists u & M such that 

_ a{u^ + 9m - 3af 

~ (m3 - 2au^ - 9an - 2a2 _ 27a)2 ' 

For g'"'^{s; X), we obtain the following theorem which is an analogue to the results 
of Morton [Mor94] and Chapman [Cha96] . 

Theorem (Theorem 5.4). Assume that char k ^ 2. Form,n G M, two splitting 
fields of X^ - mX^ - (m + 3)X - 1 and of X^ - nX^ - {n + 3)X - 1 over M 
coincide if and only if there exists z & M such that either 

miz^ - 3z - 1) - 9z{z + 1) miz^ + 3z^ - 1) + 3iz^ -3^-1) 

Tl — OT Tl — . 

mz{z + 1) + + 3^^ — 1 mz{z + 1) + z^ + 3z'^ — 1 
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By applying Hilbert's irreducibility theorem (cf. for example [JLY02, Chapter 
3]) and Siegel's theorem for curves of genus (cf. [Lan78, Theorem 6.1], [Lan83, 
Chapter 8, Section 5], [HSOO, Theorem D.8.4]) to the preceding theorems respec- 
tively, we get the following corollaries: 

Corollary (Corollary 4.11 and Corollary 5.5). Let g'''{a; X) = X^ + aX + a {resp. 
X^ — aX^ — (a + 3)X — 1) be as above with given a G M, and suppose that M D k 
is Hilbertian {e.g. a number field). Then there exist infinitely many b E M such 
that SplM^^(a;X) = Sp1m^^(6;X). 

Corollary (Corollary 4.12 and Corollary 5.6). Let M be a number field and Om the 
ring of integers in M . Forg^{a;X) ^ X^-\-aX-\-a {resp. X^—aX'^ — {a-\-?>)X—l) as 
above with a given integer a E Om, there exist only finitely many integers b e Om 
such that SpVg''^(a;X) = SpVg''^(6; X). 

In Section 6, as an application of the cubic case, we also give several sextic 
/c-generic polynomials. 

The calculations in this paper were carried out with Mathematica [WolOS] . 

2. TSCHIRNHAUSEN TRANSFORMATION (GEOMETRIC INTERPRETATION) 

Let n > 3 be a positive integer. Let x = (xi, . . . , Xn) and y = (yi, . . . , |/„) be 
2n independent variables over k. Let /n(s; X) = fn{si, . . . , X) G A;(s)[X] (resp. 
fn{t;X) = /„(ti, . . . ,tn]X) G A;(t)[X]) be a monic polynomial of degree n whose 
roots are Xi, . . . ,Xn (resp. yi, . . . , yn). Then we have 

n 

/„(s; X) = 1[{X - Xi) = X" - s,X--' + S2X^-^ + ■■■ + (-l)"s„, 
1=1 

n 

/„(t; X) = 1[{X - y,) = X" - t,X^-' + t^X^-^ + • • • + (-l)X, 
1=1 

where Sj (resp. ti) is the i-th elementary symmetric function in n variables 
xi, . . . , x„ (resp. yi, . . . , y„). We put 

K := A;(s,t); 

it is naturally regarded as the rational function field over k with 2n variables. We 
put 

Ls := Spl^/„(s;X) = K{xi, . . . ,Xn), 
Lt ■= Spl;^/„(t;X) = K{yi,. . . ,y^). 

Then we have Lg P\ Lt = K and LgLt = /c(x, y). The field extension fc(x, y)/i^ is 
a Galois extension whose Galois group is isomorphic to ©„ x 6„, where ©„ is the 
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symmetric group of degree n. Put 

Gs := Gal(LsLt/Lt), Gt := Geil{L^Lt/L^) 

and 

Gs,t '■— Gs X Gt- 

Then we have Gs,t — Gal{LsLt/ K) which acts on A;(x, y) from the right. For 
g = (cr, r) G Gs,t, we take anti-isomorphisms 

(p : Gs ^ &n, ip{a), 

ip : Gt^&n, tp{T), 

and we regard the group Gs,t as ©„ x by the rule 

< = ^v'i'rm^ Vi = Vi-: A = Vi = y^rm^ {i = i,...,n). 

In a fixed algebraic closure of K, there exist n! Tschirnhausen transformations 
from /„(s;X) to /„(t;X). Wc first study the field of definition of Tschirnhausen 
transformations from /„(s;X) to fn{t;X). Let 



/l 



D := 



1 ^2 x| 



1 Xji x^ 



.-1 \ 



^2 



^n— 1 , 



be a so-called Vandermonde matrix of size n. The matrix D is invertible because 
detD = As, where Ag := Y\ {xj — Xi). 

l<i<j<n 

Note that A;(s)(As) is a quadratic extension of A;(s) when char k ^ 2. We define 
the n-tuple (mo(x, y), . . . , Mn-i(x. y)) G /i;[x, y, A^^Y' by 



(2) 



Cramer's rule shows us 



^ii(x, y) 



^ii(x,y) = A/ -det 



/ 1 Xi 

1 ^2 



1 



y2 



^2 ^ y2 ^2*"^ 



n-1 \ 



In order to simplify the presentation, we frequently write 

lij := iii(x,y), (i = 0, . . . ,n - 1). 
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The Galois group Gg^t acts on the orbit {Mj | (o", r) G Gs.t} via regular represen- 
tation from the right. However this action is not faithful. We put 

H := {{a,T) e Gs,t \ ^{a) = ^(r)} ^ 6„. 

Let g — Hg be a right coset of H in Gs,t- K (c", r) E H then we have = Ui 
for i = 0, . . . , n — 1 by the lemma below. Hence the group Gg^t ^-cts on the set 
{uf I g e H\Gs,t} transitively from the right through the action on the set H\Gs,t 
of right cosets. 

We see that the set {{1,t) \ (l,r) G Gs.t} (resp. {(a, 1) | (cr, 1) G Gs,t}) form a 
complete residue system of H\Gs,t- Indeed, for g — (cr, r) G Gs,t, ^ — H{a, T')~^g — 
i/(l,(r')-V)if(^(a)=^(r'). 

Lemma 2.1. For (c, r) G Gg.t Q^^o? i, < i < n — 1, we /iave m-'^''''' = Ui if and 
only if ip{a) — iP{t); that is, H — Stab(3^ ^(Kj), the stabilizer of Ui in Gg ^. 

Proof. Let Ai^j be the (i,j)-cof actor of the matrix D. Thus we have the cofactor 
expansion, 

n 

Ui{x, y) = A^^ Aj^i+i yj, (i = 0, . . . , n - 1). 
Hence for each i, < i < n — 1, we see 

n n 

i=i j=i 
where £(cr) is the signature of (^(cr) G ©„, and also 

n n 
n 

i=i 

Therefore we have Mi(x, y)^'^'^) = ^^(x, y) if and only if = A^(r)(i),i+i 

for j = 1, . . . ,n because the variables yi, . . . ,yn are linearly independent over Lg. 
Since G /i;[a;i, . . . , xj-i, xj+i, . . . , x^], we finally have Mj(x, y)'-""'^-' = Ui{x, y) if 

and only if u = r. □ 

Hence, in particular, we see that ^H\Gs,t = n\ and that the subgroups Gg and 
Gt of Gs,t act on the set {uf \ g G H\G s,t} transitively. 

For 'g = (1,t), we obtain the following equality from the definition (2): 

yv>(r)(i) = ^0 + ^i^i ^ ^*n-i^r~^ for i = 1, . . . , n. 

This means that the set {(wq, ■ ■ ■ , | ^ £ H\Gs,t} gives coefficients of n! 

different Tschirnhausen transformations from /n(s; X) to /n(t; X) each of which is 
respectively defined over K{ul, . . . , 
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Definition. For each g G Gs,t5 we call K{uq, . . . a field of Tschirnhausen 

coefficients from /„(s;X) to fnit^X). 

We put 

^;i(x,y) := iii(y,x), for i = 0, 

We write vi — fi(x, y) for simplicity. Then K{yl,. . gives a field of Tschirn- 
hausen coefficients from /„(t;X) to /„(s;X). We obtain 

Proposition 2.2. We have {L^Uy'^^s ^ ^(^s^ . . •,<-!) = • • -^^i-i) = 

K{ul) = K{vf) and [K{u^) : K] — n\ for each i,0 < i < n — 1, and for each 
9 e Gs,t. 

Proof. We have 

L,Lt D (LsLt)^"'^^ D XK,...,<_i) D X«) D K, 

Hence the assertion follows from StabGs t(Mf) = StabG3^(t'f) = g~^Hg. □ 

Corollary 2.3. H^e /lave Spl^(„9)/„(s; X) = Spl;^(„s)/n(t; X) /or every g e Gs,t- 

Proof. The polynomials /„(s;X) and /„(t;X) arc Tschirnhausen equivalent over 
K(ul, . . . = K{uf) = K{vf). Hence the quotient fields K{ul)[X]/ {f^is- X)) 

and K{u^^)[X]/ {fn{s]X)) are isomorphic over K{uf). □ 

Proposition 2.4. We have 

(i) Ls n K{ul) = Lt n X«) for ge G,,*; 

(ii) LsLt = -^s(^if) = -^t(^if) /or G Gs,t- 

Proof, (i) We should show that {g~^Hg)Gt = {g~^Hg)Gs = Gs,t- We may suppose 
g = (l,r) without loss of generality. Then, for any (o"', r') G H, there exists 
an element (a', r~^r'r)((T'~\ 1) = (l,r~^r'r) in {g~^Hg)Gs. Hence the equality 
{g-^Hg)G^ = G,,t follows from {l}xGt C {g-^Hg)G^. The assertion {g-^Hg)Gt = 
Gs,t is obtained by a similar way because we may replace g by an element of the 
form (cr, 1). 

(ii) We check that g'^HgflGs — g'^HgflGt — {!}■ An element c in g~^Hg can 
be described as c = {g'^t'^t't) where '^{o') — '^{t'). If c G Gg, then we obtain 
c = (cr', r- Vr) = (cr', 1) G Gs x {!}. Then ip{a') = -0(^0 = 1, and hence c = (1, 1) 
in Gg^f If c G Gt, then we have cr' = 1. Hence follows c— (1,1) G Gs,f D 

Moreover we obtain 
Proposition 2.5. I/g-^t = -^('"i I 9 £ H\Gs,t) for every i,Q < i < n — 1. 
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Proof. We should show that f]-^j^.^^^^ g ^Hg = {1} because Stabc^ tl'^f) = 9 ^Hg. 
Suppose (o-',r') G {^.^^^^^^.^^g-^Hg. From if\Gs,t = | (l,r) G Gs.t}, we 

have (/^(o'') = iIj{t^^t't) for every r G Gf Since 9?(cr') = %Ij{t)%Ij{t')%Ij{t)~^ = 
ip{T)ip{a')ip{T)~^ , we see that (p{cr') is in the center of the symmetric group 
Thus we have (a', r') = (1,1) because the center of 6„ is triviaL □ 

We define a polynomial of degree n\ by 

F,(s,t;X):= H {X-ul)eK[X], {t = 0, . . . ,n - 1). 

We see from Proposition 2.2 that Fj(s, t; X), (i = 0, . . . , n — 1), is irreducible over 
fc(s,t). From Proposition 2.5, furthermore, we have the following theorem: 

Theorem 2.6. The polynomial Fj(s, t;X) G k{s,t)[X] is k-generic for 6„ x 6„. 

Proof The assertion follows from Spl^^ Fj(s, t; X) = | 'g G H\Gs,t) = LgLt 

and the ©^-genericness of /„(s;X) and /„(t;X). □ 

In case of char A; = 2, we have A;(s)(As) = k{s) because Ag G A;(s). Hence, we 
use the results of Berlekamp [Ber76] and take the Berlekamp discriminant 



i<3 * ^ 



instead of Ag. The field k{s){Ps) is a quadratic extension of k{s). 
Let 2l„ be the alternating group of degree n, and put 



(i/\a,t)+ := {9 = {l,r) G H\G,,t \ ^(r) G 214, 



and 



(3) Ft{X):= n (^ = 0,...,n-l). 

ge{H\Gs,t)^ 

Proposition 2.7. If char k ^ 2 {resp. chark = 2), the polynomial Fi[s,t] X) splits 
into two irreducible factors F^{X) and F~{X) of degree n\/2 over the quadratic 
extension K[^s/ ^t) {resp. K{j3s + Pt)) ofK. 

Proof. Let (resp. G^) be the subgroup of G^ (resp. G^) with index two which 
is isomorphic to the alternating group 2l„ of degree n. If char k ^ 2, we have 
a sequence of subgroups G^ x G^" c: StabGgxGt(^s/'^t) C Gs,t each of whose 
indices is two. It follows from H C Stabc^.t ( Ag/ At) that F^{X) \ Fi{X) and 
F^{X) G ir(As/At). The case of char k — 2 may easily be obtained by a similar 
manner. □ 
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3. Specialization of parameters into an infinite field 

Let M (d A;) be an infinite field. We assume that we always take a specialization 
of parameters (s, t) h- > (a, b) G M" x M" so that both of the polynomials /n(a; X) 
and fn(h;X) are separable over M, (i.e. Aa 7^ and Ab 7^ 0). Put La = 
Spl/|,f /„(a; X) and Lb = Splj^^ /„(b; X); these splitting fields are taken in a fixed 
algebraic closure of M. We denote the Galois groups of /n(a; X) and /„(b; X) over 
M by Ga and Gb respectively, that is, Ga = Gal(La/M) and Gb = Gal(Lb/M). 
We put Ga,b := Gal(LaLb/M). Let a := (ai,...,a„) (resp. /3 := . . . , 
be the roots of /„(a;X) (resp. fn{h;X)) in the algebraic closure of M. Once 
we fix the orders of the roots as a and /3, then each element of Ga.b induces 
substitutions on the two sets of indices. Then we may identify G'a,b as a subgroup 
of Gs,t- More precisely, we express each element h e Ga,b as h — (a^r) E Gs,t 
through the conditions, ctf = (y^{a){i) and /3f = for i = 1, . . . , n. We put for 

g = (a, t) e Gs,t 

(4) (c^,...,cf,_i) := (M^(a,/3),...,<_i(a,/3)), 
{dl,...,dl_^) := (M^(/3,Q;),...,<_i(/3,a)). 

Then we have 

(5) /3v>(T)(i) = eg + cf Q;^(a)(i) H ^c^-i«^(aKi)' 

(6) = C^O + dfPfirm H ^ 

for each i — l,...,n. For each g e Gs,t, there exists a Tschirnhausen trans- 
formation from /„(a;X) to /n(b;X) over its field of Tschirnhausen coefficients 
M(co, . . . , c^_i), and the n-tuple (dp, ■ ■ ■ , dn-i) gives the coefficients of a transfor- 
mation of the inverse direction. 

Prom the assumption Aa • Ab 7^ 0, we first see 

Lemma 3.1. Let M'/M be afield extension. ///„(b;X) is a Tschirnhausen trans- 
formation of fn{si]X) over M' , then /„(a;X) is a Tschirnhausen transformation 
of fn(h; X) over M' . In particular, we have M(cq, . . . , c^_i) = -/W'((iQ, . . . , for 
every g = {a,T) e Gs,t. 

Proof. Suppose M' contains M(cq, . . . , c^_i). We will take a ring homomorphism 

p : M'[X]/(/„(b;X))^M'[X]/(/„(a;X)), X ^ eg + cf X + • • • + <_,X"-^ 

and show that the map p is an isomorphism over M'. 

We first assume that /„(a;X) (resp. /„(b;X)) splits into irreducible factors 
g^{X) (resp. h^{X)) for 1 < // < m (resp. 1 < u < m!) over M' . Since /„(a;X) 
and /n(b;X) have no multiple root, the quotient algebras M'[X]/(/„(a; X)) and 
M'[X]/ (/n(b; X)) are semi-simple and direct sums of the fields M'[X]/ {g^{X)) and 
M'[X]/(/i,(X)), respectively. We put V = SpV/„(a; X) SpV/n(b; X). Pix i, < 
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i < n — 1, and suppose that Q;^(o-)(i) and I3^(t){i) are roots of the irreducible factors 
Qn^X) and hy{X), respectively. Then we have embeddings $i : M'[X]/ {g^{X)) — 
V with = and : M'[X]/{K{X)) ^ L' with ^^(X) = By 

the equality (5) we see 

^i{X mod(/i,(X))) = $,(cg + cfX + • • • + mod(5^(X))). 

Thus we get an injective homomorphism from M'[X\/{hi,{X)) to M'[X\/{g,j,{X)) 

by assigning Cq + cfX H h c^_]^X"~^ mod(g'ju(X)) to X mod(/ii,(X)). Since the 

quotient algebras M'[X]/(/„(a; X)) and M'[X]/(/„(b; X)) are direct sums of the 
fields M'[X]/{g^{X)) and M'[X\/ {hv{X)), respectively, the homomorphism p as 
above is well defined and injective. Then this has to be an isomorphism over M' 
because the dimensions of the two algebras over M' coincide. Therefore, in partic- 
ular, the corresponding fields M'[X]/(5f^(X)) and M'[X]/ {hy{X)) are isomorphic 
over M' . In particular, each irreducible factor g^{X) of /„(a; X) corresponds to an 
irreducible factor hu{X) of /„(b;X) in a onc-to-onc manner. The degrees of the 
two factors are equal. Hence we also see that the number of irreducible factors of 
/„(a; X) is same as that of /n(b; X), that is, m = m! . 

We take the inverse isomorphism from M'[X]/(/„(a; X)) to M'[X]/(/„(b; X)) 
over M' . Then the image of X mod(/„(a; X)) is expressed as eo + e^X + • • • + 
e^-iX""^ mod(/„(b; X)) with eo, . . . , e„_i e M' . The homomorphisms $j and 
now give us 

= eo + ei/3^(^)(i) + h en-i/?^^^5(i) 

for i = 1, . . . ,n. Since Ab 7^ 0, therefore, these equalities together with (6) show 
4 = e M' for j = 0, ...,n- 1. 

In particular if we take M' — M(cq, . . . , c^_i) then we see M(c^, . . . , c^_i) 
D M(dQ, . . . , (fn-i)- Conversely if we take M' — M{dl, . . . , <fn-i) ^l^^n we have 
MK,...,d^i) DM(cg,...,c^_i). □ 

Our main idea of this paper is to study the behavior of the field M(c^, . . . , c^_i) 
of Tschirnhausen coefficients from /„(a;X) to fnih'^X). 

Proposition 3.2. Under the assumption, Aa • Ab 7^ 0, we have the following two 
assertions : 

(i) SpV(c9,...,4_^)/n(a;X) = SpV(^9^..._^9_^)/n(b; X) for each g e Gs,t ; 

(ii) La-Lb = I/a M{cl, = Lb M(c2, . . . , for each g G Gs,*- 

Proof Put M' = M(c^,...,4_i). Then, by Lemma 3.1, M'[X]/(/„(a; X)) and 
M'[X]/(/„(b;X)) are isomorphic over M'. Hence follows the assertion (i). By (i) 
we see that LaM(co, . . . , c^_i) = Lb M(co, . . . , c^_i). Thus the assertion (ii) also 
holds. □ 
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It follows from Proposition 2.2 and Proposition 2.5 that, for a fixed j, {0 < j < 
n — 1), we have 

(7) K{ul = ) for g e G,,t, 

LsLt = Kiu>^.\geH\Gs,t). 

and [K{uj ) : K] = n\. After the specialization as in (4) we may only have inclusion 
relations 

M{4,...,(i_,) D M(cf) for geGs,t, 
L^L^ D M(4 \geH\Gs,t). 

Whether the equality M(co, . . . ,c^_i) = M(cp holds or not depends on the spe- 
cialization (s,t) ^ (a,b) e X M". By (7) there exists Pjj(s,t;X) e K[X] 
such that 

= Pi,j{s, t; lij) and degx(-Pij(s, t; X)) < n\. 

Then we take polynomials Pjj(s,t;X) e A;[s, t][X] and L'°j(s,t) G A;[s, t] which 
satisfy 

(8) ^,.^_i__i^.(s,t;ii,), and deg;,(/?,.(s, t; X)) < n! 

by extracting the minimal multiple of the denominators of the coefficients of the 
polynomial Pij{s,t; X) in X. Then the following lemma is clear. 

Lemma 3.3. For a fixed j, < j < n—1, and a, b e M", the condition -D°j(a, b) 7^ 
for i — 0, . . . ,n — 1 implies M(cq, . . . , c^_i) = M{c^) for each g e Ggt. 

After the specialization as in (4), we also utilize the polynomial 

F,(a,b;X) = II {X-c^)eM[X], = 0, . . . , n - 1) 

9eH\Gs,t 

of degree n! which is not necessary irreducible. 

Lemma 3.4. // Fj{a, b; X) has no multiple root for a fixed j,0 < j < n — 1 and 
a, b e M" with A^-A^^j^O then Dlj{eL, h) ^ for i = 0, . . . ,n - 1. 

Proof By (8), if Dlj{a, b) = for an i, then we should have P°j(a, b; = for 
g e Gs,t- Prom the assumption Cj ^ Cj {g h), n\ different satisfy the equahty 
Pjj(a, b; c^) = of degree less than n\. This is a contradiction. □ 

Proposition 3.5. For a fixed j,0 < j < n — 1, and a, b G M" with A^ ■ Ab 7^ 0, 
suppose F>'^j{si, b) 7^ for i = 0, . . . ,n — 1. Then Fj{a, b; X) has no multiple root. 
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Proof. We first note that {c^ | ^ G H\G^^t} = {cf'^^ \ r e Gt}. It follows from the 
condition, Aa ■ Ab 7^ 0, the roots l3i, j3n of /„(b; X) are distinct. For r, r' G Gt, 
therefore, • • ■ , PMrKn)) = iPi>{T'Ki), ■ ■ ■ , Pi>{T')(n)) if and only if r = r'. Since 

= (2/V(r)(i), • • • ,2/v(r)(n)), we have, by the definition. 



/l 

1 



0:2 Q;| 



q; 



n-1 \ 



a 



n-1 



\ C^n-i J al ■■■ a";^ ^ J \ /3^(r){n) / 

We also have the equation for r' if we replace r by r'. On the other hand, we have 



-^^-l^i^^(a,b;c5^-^ 



from the condition D^Aa., b) 7^ for i = 0, . . . ,n — 1. If c 



•J 

we have {c^''^\ • • • , c^"'l''i 



therefore. 



(cg^'^ \ . . . , c^^lV)- Hence from the above equalities, we 
have . . . ,/9^(r)(n)) = (/^v(r')(i)' • • -^PHr'Kn))- Thus wc see T = t' and the 

assertion of the proposition. □ 

Before we go on farther analysis, we explain the actions of Gs,t and Ga,b on the 
set of values {cf | ^ e H\Gs,t}, < i < n — 1, where g e Gs,t runs over a set of 
representatives of the cosets H\Gs,t- We defined cf by cf = uf{a,(3). Since the 
rational function ■Ui(x, y) of 2n variables x = (xi, . . . , a;„), y = (yi, . . . , belongs 
to Lgivt = k{'x.,y), the Galois group Gs,t = Gal(LsLt//i:(s, t)) naturally acts on 
Mj(x, y); since g induces substitutions on the sets {xi. .... x„} and {yi, . . . , we 
express = (a, r) and Mf(x, y) = Mi(x»,y») with x^ = . . . , and 

= (|/i/>{t)(i), • • • , a;^(T)(n))- However, Gg^t does not directly act on the set of values 
{cf I g G H\Gs,t} of -uf . We consider the collection of the values cf , g G H\Gs,t, as 
a function Ci(gf) := cf defined on the cosets H\Gs,t because uf and hence cf depend 
only on the coset Hg. Then for h G Gs,t; (^f) := cf'' is the composition of Cj with 
the translation on H\Gs,t by h. Therefore each h G Gs,t induces a substitution of 
the set of values {cf | ^ G H\Gs,t}- This is the way by which Gs,t acts on the set. 
Hence, in particular, its action is transitive. Thus if #{cf | g G H\Gs,t} — n\ then 
we have StabG,,t(cf) = StahG,^^{ul{x,y)) = g~^Hg because #{H\Gs,t) = n\. 

As for Ga,b, the situation is different. It acts on the set of values {cf | ^ G H\Gs,t} 
as the Galois group Gal(LaLb/M) because every cf is contained in the field L^Lb. 
Under the assumption, Aa • Ab 7^ 0, furthermore, we regarded G'a,b as a subgroup 

of at. 
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Lemma 3.6. The action of Ga,h on the set {cf | ^ G if\Gs,t} ols the Galois group 
Gal(LaLb/M) coincides with the one as a subgroup of Gs,t through the action on 
the set of cosets H\Gs,t- 



Proof. For g — {a, r) e Gg t, we have by the definition 



V <-i J 



( 1 

1 ^¥'^(2) "J(<t)(2) 



\ 1 a^(a)(n) 



71-1 

n— 1 



-1 



An element h e Ga,b is identified as an element h = (cr',r') e Gs,t through (ttj)'* 



^^'(aOW and (/?,)^ = /?,/,(^')(,) for i 



, n. Since and i/j arc anti-isomorphisms, 



we have (p{a')ip{a) = ^{(ja') and iIj{t')iIj{t) = iI){tt'). Hence the action of h on 
0, . . . , n — 1, as an element of Gal(La L^/M) is given by 



9 • 



/ 1 a^(CTCT')(i) 
1 a¥'(f^f^')(2) 



^(<7<t'){1) 

2 

V5(aa')(2) 



^"-1 \ "W « \ 

"^(<7<t')(1) \ / P^(rr')(l) \ 
, n— 1 



Therefore we see {(^)^ — (^^, i — 0, . . . ,n — 1. 



V9(a(7')(2) 



(f{aa'){n) 



rT')(2) 



□ 



Proposition 3.7. Assume as above that Aa • Ab ^ for a, b e M". Suppose that 
the polynomial Fj{a., b; X) has no multiple root for some j,0 < j < n — 1. Then 
the following two assertions hold: 

(i) M{4, = M(4) for each g e Gs,t ; 

(ii) LaLb = M(cf |^e//\G',,t). 

Proof. The assertion (i) follows from Lemma 3.3 and Lemma 3.4. Here we give an 
alternative proof of (i) and a proof of (ii) from the viewpoint of above discussion. 

(i) If -Fj(a, b; X) has no multiple root, then #{c^ | 'g G H\Gs,t} = nl. Therefore, 
we have StabG^b(Cj) = 9~^Hg D Ga,b for each g e Gs,t- It follows from Lemma 2.1 
that g~^Hg fl Ga,b is contained in Stab(3^^,(cf) for every i, < i < n — 1. Therefore 
we see StabG,,b(cf) C StabG,,b(cf) for every i, < i < n - 1, and M(c^) D M(cf ) 
for every i,0<i<n — 1. This shows (i). 

(n) By the definition of c^, we have La-Lb D M(c^ | g e H\Gs,t) D M = 
LaLh^"^'^. Let /i be an element of Ga.b and suppose that is trivial on M(c^ I ^ £ 
H\Gs,t)- As we saw above, we have StabG^j^(c^) = g~^Hg n Ga.b for each g e Gg^f 
Therefore h belongs to flgei^VGst 9~^^9 which is equal to {1} as we showed it in 
the proof of Proposition 2.5. Hence we have h — 1 and then Gal(LaI/b/M(c^ | ^ e 
H\G^,t)) = {!}■ This shows (ii). □ 
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Theorem 3.8. For a fixed j, < j < n—1, and a, b G M"" with Aa-Ab 7^ 0, assume 
that the polynomial Fj{a,h; X) has no multiple root. Then Fj{a.,h] X) has a root 
in M if and only i/ M[X]/(/„(a; X)) and M[X]/(/„(b; X)) are M-isomorphic. 

Proof. First suppose that one of the roots of Fj(a, b;X), for some g G Gs.t) is 
in M . By the preceding proposition, we see Cq, . . . , c^_i G M. Express g = {a, r) 

as usual. Then for the root a^(a)ii) of /„(a;X), f3^,(r){i) ■= Cq + cla^{a)ii) H h 

cf^_]^a^(^"'j(^,.-) is a root of /„(b;X) in M{a) for i = 1, . . . , n. It is now easy to 
adopt the argument in the proof of Lemma 3.1 and to obtain an isomorphism 
from M[X]/{fn{h; X)) to M[X]/(/„(a; X)) over M by assigning + cf X + • • • + 
<_iX"-i mod(/„(a;X)) to X mod(/„(b; X)). 

Now suppose conversely that M[X]/(/„(a; X)) and M[X]/(/„(b; X)) are M- 
isomorphic. Then as in the proof of Lemma 3.1, the irreducible factors of /„(a; X) 
and those of /„(b;X) perfectly correspond. Moreover, each pair of corresponding 
simple components are isomorphic over M. Denote the image of X mod(/n(b; X)) 
by the isomorphism from M[X]/(/„(b; X)) to M[X]/(/„(a; X)) by r] := eo + eiX + 
■ ■ ■ + e„_iX"~^ mod(/„(a; X)) with eo, . . . , e„_i G M. Then we find r G Gt so 
that we have f3^[T)(i) — + Cictj + • • • + e„_iQ;^~^ for i = 1, . . . , n. Hence for 
(7 = (1, r) G Gs,t, we must have = for 1/ — 0, . . . ,n — 1. In particular, we see 
that is a root of F_, (a, b; X) in M. □ 

In the case where Ga and are isomorphic to a transitive subgroup G of (5„ 
and every subgroups of G with index n are conjugate in G, the condition that 
M[X]/ (/„(a; X)) and M[X]/ (/n(b; X)) are isomorphic over M is equivalent to the 
condition that Spl^^/„(a;X) and Spljv,//„(b; X) coincide. Hence we get an answer 
to the field isomorphism problem via Fj{a, b; X). 

Corollary 3.9. Let j and a, b G M" be as in Theorem 3.8. Assume that both of 
Ga and Gh are isomorphic to a transitive subgroup G of 6„ and that all subgroups 
of G with index n are conjugate in G. Then Fj(a, b;X) has a root in M if and 
only if Splj^fn{a; X) and Splj\^/„(b; X) coincide. 

We note that if G is one of the symmetric group 6„, (n 7^ 6), the alternating 
group 2l„ of degree n, {n ^ 6), and solvable transitive subgroups of &p of prime 
degree p, then all subgroups of G with index n or p, respectively, are conjugate in 
G (cf. [Hup67], [BJY86]). 

Let Hi and H2 be subgroups of (5„. As an analogue to Theorem 2.6, we obtain 
a /c- generic polynomial for Hi x H2, the direct product of groups Hi and H2. 

Theorem 3.10. Let M — k{qi, . . . ,qi,ri, . . . ,rm), {1 < I, m < n — 1) be the 
rational function field over k with {I + m) variables. For a G . . . , b G 
A;(ri, . . . , r^)"^, we assume that /„(a;X) G Af[X] and /n(b;X) G M[X] be k- 
generic polynomials for Hi and H2 respectively. For a fixed j,0 < j < n — 1, 
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assume that Fj{a,h; X) G M[X] has no multiple root. Then Fj{a.,h] X) is a k- 
generic polynomial for Hi x H2 which is not necessary irreducible. 

Proof. It follows from Proposition 3.7 that M(c^ | g G H\Gs,t) = L^Ly,. Hence 
the assertion follows from the i^i-genericness of /„(a;X) and the i72-genericness 
of/„(b;X). □ 

In each Tschirnhausen equivalence class, we can always choose a specialization 
s I— > a G M" of the polynomial /„(s;X) which satisfy ai = and a„_i = a„ (see 
[JLY02, §8.2]). Hence the polynomial 

5'n(?2, ■ ■ . ,gn-i;^) 

(-1)" ■ /n(0, ^2, • • • , gn-2, Qn-l, qn-l, 'X) 
- X" + 92^"-' + ■ ■ ■ + qn-2X^ + Qn-lX + Qn-l 

is fc-generic for S„ with (n — 2) parameters q2, . . . , Qn-i over an arbitrary field k. 

Indeed if the characteristic of the field k is prime to n, we obtain q2, . . . , Qn-i in 
terms of Si, . . . , s„ as follows: we put X :— {Xi, . . . , 

Xi := xi - si/n, X2 := X2 - Si/n, X„ :^ Xn - Si/n : 

then we have k{X.) := k{Xi, . . . , Xn-i) C k{-x) and 

+ X2 + • • • + X„ = 0. 

The ©^-action on /c(x) induces an action on k(X.) which is linear and faithful. 

We also have /c(X)®" = /c(S) := k{Si, S2, ■ ■ ■ , Sn) where Si is the i-th elementary 
symmetric functions in Xi, . . . , Xn- Note Si = 0. The polynomials /„(S; X) and 
fn{s;X) are Tschirnhausen equivalent over k{s), and /„(S;X) generates the field 
extension A;(X)/A;(X)®". By Kcmper-Mattig's theorem [KMOO], /„(S;X) is k- 
generic for S„ with parameters S2, ■ ■ ■ ,Sn. Define 

qi -.^ Sn/Sn-i, Qi-.^Si/ql, (i = 2,...,n- 1). 

Then we obtain A;(S) = k{qi, . . . , Qn-i) and 

gn{q2, Qn-i; X) = (-l/gi)Vn(S; -qiX). 

The polynomials (?„(g2- • • • ■ f/n-i; X) and /„(S;X) are Tschirnhausen equivalent 
over k{S). Since deg(gi) = l,dcg(gj) = 0,{i = 2, ...,n — 1), we also sec that 
gn{q2, ■ ■ ■ ,(ln-i] X) is a generating polynomial of the degree-zero field A;(X)o : = 
fc(Xi/X2,...,X„_i/X„) C A;(X) over k{X.)^- = k{q2, . . . ,qn-i), (cf. [Kem96], 
[KMOO, Theorem?]). 

Corollary 3.11. Let M — k{q2, ■ ■ ■ ,qn-i,r2, ■ ■ ■ ,rn-i) be the rational function 
field with 2{n — 2) variables. Let a = (0, g2, • • • , Q'n-i, ?n-i) £ M"' and b = 
(0, r2, . . . , r„_i, r„_i) G M"'. For a fixed j, < j < n — 1, assume that Fj{a., b; X) G 
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M[X] has no multiple root. Then Fj{a., b; X) is a k-generic polynomial for (3„ x 
with 2{n — 2) parameters q2, ■ ■ ■ , Qn-i, ^2-1 ■ ■ ■ i Tn-i- 

In order to obtain an answer to the subfield problem of generic polynomials, we 
study the degrees of the fields of Tschirnhausen coefficients M(cq, . . . , c^_i) over M 
for g G Gs,t- The factorization pattern of the polynomial -Pi (a, b; X) over M gives 
us information about the degeneration of Galois groups under the specialization 
(s, t) 1-^ (a, b) and about the intersection of root fields of /„(a;X) and /„(b;X) 
over M through the degrees of M(cq, . . . , c^_i) over M as in Proposition 3.2. 

Proposition 3.12. Assume that the characteristic of M is not equal to 2 {resp. is 
equal to 2). // Aa/Ab G M {resp. Pa + Pb ^ M), then the polynomial Fj(a, b;X) 
splits into two factors of degree n\/2 over M which are not necessary irreducible. 

Proof. The assertion follows from Proposition 2.7. □ 

Corollary 3.13. If Ga, Gh C 2ln, then Fj(a, b; X) splits into two factors of degree 
n\/2 over M which are not necessary irreducible. 

4. Cubic case 

In this section, we treat the cubic case of the subfield problem of generic poly- 
nomial via general Tschirnhausen transformations. We take 

/3(s; X) := X^ - siX^ + S2X - S3 e k(s)[X] 



As in the previous section, we take the discriminant Ag in general and especially 
the Berlekamp discriminant /3s if char k — 2: 



where 



Si = Xi + X2 + X3, 



S2 = X1X2 + X1X3 + X2X3, 



S3 = X1X2X3. 



(9) 



As := 



/3s := 



(,T2 - .Ti)(,T3 - Xi){x3 -X2), 
X\ X\ X2 



Xi + X2 Xi+ X3 X2 + X3 

X\X2 + X2X3 + Xixl + X1X2X3 



X\X2 + X2X3 + X3X1 + X1X2 + X2X\ + X3X\ 



Then we have 




Asl - 4:s\s3 + I8S1S2S3 - 27^3, 
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The field A;(s)(As) (resp. k{s){f3s)) is a quadratic extension of A;(s) if char k ^ 2 
(resp. char k = 2). For g = (1, r) e H\Gs,t, we put 



( < \ 




(I 


Xl 


x\ \ 


' (vl\ 


q 




1 


X-i 












2^3 







By the definition we evaluate (mo,mi,M2) as 

/ 



A7^ ■ det 



2/1 .I'l .2;? \ 
2 



2/2 a;2 

V 2/3 ,X 

*-2.*:i2/i 



•'^•'■:i2/2 



+ 



{X2 - Xi){x3 - Xl) {X2 - Xi){x3 - X2) {xs - Xi){x3 - X2)' 

/i yi xj\ 



Ui 



A-^ • det 



1 y2 a:;! 



VI y3 a:^! / 

(X2 + X3)yi 



+ 



{xi + ^3)2/2 



{xi + ^2)2/3 



(X2 - Xi)(x3 - Xl) (X2 - Xi)(x3 - X2) (2^3 - 2;i)(x3 - X2) ' 

/ 1 Xl 2/1 ^ 



ti2 



,-1 



det 



1 2^2 2/2 

V 1 ^3 y3 y 



2/1 



2/2 



+ 



2/3 



(X2 - Xl) (X3 - Xl) (X2 - Xl) (X3 - X2) (X3 - Xi) (X3 - X2) 

A general form of Tschirnhausen transformations of /3(s; X) is given by 

g3{s,uo,ui,U2;X) 

:= Resultanty (/3(s; Y),X -{uo + uiY + U2Y^)) 
— X + (—3^0 — SiUi — S1U2 + 2s2U2)X + {3uq + 2siUoUi + S2U1 
+ 2sluoU2 — AS2U0U2 + S1S2U1U2 — 3S3U1U2 + s\u\ — 2siS3u'^X 



Un 



SiUqUi — S2UoUf — SsUf - slulu2 + 2s2UqU2 — S1S2U0U1U2 



+ 3S3U0U1U2 — S1S3U1U2 — S2U0U2 + 2SiSsUoU2 — S2SSU1U2 — S3M2 

By the definition, the elements Mo,Mi,M2 satisfy 
(10) /3(t; X) = g^is, ul uf, u^, X) for g e G,,t. 
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We put 

As 

(11) Bs 



= Sl - 3S2, 

= 2sl - 9siS2 + 27s3, 

= - 4SiS2 + ^2 + 6S1S3, 

= Discx/3(s; X) = slsl - Asl - 4sfs3 + I8S1S2S3 - 27^3 



AD 



We can check the equahty 
(12) 



AAi - Bi = 21 Ds 



by direct calculation. 

With the aid of computer algebra, we get the scxtic polynomials 

F,(s,t;X)= n {X-ul)eK[Xl (i = l,2) 

9eH\Gs,t 



as follows: 



(^1^2 - ^3)^t ^3 ^ AlC^ 



Fi(s, t; X) - '^-^x' - A^ifi^f^^^ + 



+ 



(13) F2(s, t; X) - + ^X' 



+ ^""^ Dl ' 

where AsiBs-, Cg and Dg are defined in (11). Here we omit the explicit description of 
the polynomial Fo(s, t; X) because whose roots Uq are available from Fi (s, t; X) and 
^2(3, t;X) by (15) and (19) below. The discriminant of the polynomial ^2(3, t;X) 
with respect to X is given by 

B^DliAlB^, - 27AlDgf 



(14) 



D. 



15 



We note that A^Bl — 27A\Ds is invariant under the action (xi, 0:2, 0:3) (|/i, 1/2, 1/3). 
Indeed, by using (12), we can obtain the following symmetric representation: 

AlBl - 27 AlDs = 4AlAl - 27 {A^Ds + A^A). 

In the case of char /c 7^ 2, we also see that 



AlBl - 27 AID, 



BlBl - S^'DsDt 



By Proposition 2.7, we have the decomposition 

F2(s,t;X) = F^{X)F,-{X), 
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where F^{X) and F^iX) are elements of K{AJAt)[X] and of K{(3^ + (3t)[X] in 
the case of char k = 2. In the case of char /c 7^ 2, wc have, by the definition (3), 



(l,r)eff\Gs,t 

!/'(T)€a3 



2D, 



i^2-(^) - n - ^2 ^0 -X'- -^X + 



(i,T)eif\Gs,t 



2L>s 



If char k — 2, we have 



"^^^""^ = s:^^ ■ 

When we speciahze parameters (s, t) 1— > (a, b) e x for a fixed field 
M (d fc) with infinite elements, we assume that /3(a; X) and /3(b; X) are separable 
over M (i.e. D^-Db^O). We define 

La := SplM/3(a; X), Lb := SpWalb; X), 
Ga := Gal(La/M), Gy, := Gal(Lb/M) 

and suppose > i^Gh- We also suppose that /3(a;X) is irreducible over M. 

Then Ga is isomorphic to cither 63 or 2I3 = C3, and Gb is isomorphic to one of 
&3,Gs,G2 or {!}. We shall give an answer to the subficld problem of /3(s;X) via 
Fj{s,t; X). More precisely, we give a necessary and sufficient condition to have 
La ^ Lb for a, b e M^. 

4.1. The case of char k ^ 3. First we study the case of char k 3. The case of 
char k — 3 will be studied in Subsection 4.4. 

By comparing the coefficients of (10) with respect to X, we obtain 

h - SiUi - slu2 + 2S2U2 <5l,2(s,t;M2) 

(15) uo = , ui - 



-Di,2(s,t;'U2) 
where 

Qi,2(s,t;M2) := 3AlBt-At{6Ai-B^,+2A^BsSi)u2 + 6D,{A', + B,si)ul 
Di,2(s,t;M2) := 3B,{A^At-3D,ul). 
We also have 

(16) uq - (^1 -^1^2 + 2 ^2^2)^1,2(8, t; U2) - si(5i,2(s, t; U2) 



3Di,2(s,t;?7,2) 

From (15) and (16), we can directly check K[uq, uf, Wg) = K{u2) for every g G Gs,t 
as in Proposition 2.2 where K — k{s,t). As in (8), we obtain ^02(8, t) e k[s,t] 
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and D'l 2(^,1) G k[s,t] as follows: first we see that there exist those D^^2{^,t) and 
hi{s,t) G A;[s, t] which satisfy 

1 _ 1 _ 1 A . 

Actually, we get, with the aid of computer algebra, 

Dl2{s,t) := SBMlBl- 27 AlD^f 

and 

{/lo(s,t),...,/l5(s,t)} 

= [iAlA^iAlB'^ + 27 AID, - 27 B',D,), 
27BtD,{AAlAl + QAlD, - QAlD^), 

- 3A,AtD,{5AlBl + ISBA^Ds - BAB^D,), 

- 270AlAlB,Dl, 9Dl{AlBl + 27AlD,), 162A,A,B,Diy 

We define D^ ^i^jt) :— 3 • D°2(s, t) G A;[s, t] on account of (16). Hence we obtain 
those P^^i^, t; X) G A;[s, t][X], {i = 0, 1), which satisfy 

= ^ojg ^°2(s, t; ^2), and deg;^(i^°2(s, t; X)) = 5. 

After speciahzing parameters (s, t) 1— > (a, b) G x with Db^Dy, 7^ 0, we see 
the following lemma: 

Lemma 4.1. (i) If f3{a;X) is irreducible over M then Bg,^0; 

(ii) If Aa = 0, then /3(a;X) and X"^ — B^ are Tschirnhausen equivalent. Hence 
the Galois group of /3(a; X) over M{y/^) is cyclic of order 3 ; 

(iii) If As, = 0, then /3(a;X) and — 3Y — {B^, + 1/-Ba) o-'re Tschirnhausen 
equivalent over M. 

Proof. The statements of (i) and (ii) follow from the equahty 

3^ • /3(s; X) = (3X - si)3 - 3^(3X - s,) - B,. 

In the case of X^ - B^, = 0, we put F = X + 1/X = X{1 + X/B^) and obtain 
Y^-2,Y - {B^ + 1/B^) = 0. Thus we have (iii). □ 

Prom Lemma 4.1 (i), the assumption that /3(a; X) is irreducible over M imphes 
Ba 7^ 0. Prom Lemma 4.1 (iii), we may assume that A^ and A\j without 
loss of generality. 

By (14) and the assumptions B^ ^ and 7^ 0, we see that the polynomial 
F2(a, b; X) has multiple roots if and only if A^B^ - 27 AlD^, = 0. 
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Lemma 4.2. Assume that /„(a;X) is irreducible and Ag,A]j ^ 0. 

(i) If A^B^ — = then F2(a, b; X) splits into the following form over M : 

F(^h-X)-fx 27Ali2Al-Bl) ^ 



b ^a-^b 

with a simple root —6A'^/ (Aa-Bb) ; 

(ii) If AlBl - 27AlD^ = then multiple roots c = 3Al/{A^Bk) of F2{a,h;X) 
satisfy A^Ai^ — 3Dg,c^ = 0. Conversely if a root c of F2{a,h; X) satisfies Aa^b — 
3L>ac2 = 0, then A^Bl - 27AlD^ = 0. 

Proof (i) We have B^ ^ since 27AlD^ ^ 0. Using = AlBl/{27Al) and 
Db = {4:Al - Bl) /27, we eliminate L»a and D^, from F2(a, b; X) via (13). Then we 
obtain exphcit factors of F2(a, b; X) as 

F2(a,b;X) 

_ ^6 54^b^^ 27^^X3 729^^X2 72M^X 1458^^ (2^3 _ 

_/ 3^2x2, w 27A^X 27>l^b(2A^-i?b) \ 

-[""-AlB-J [''+A:b-J['' API j- 

We also sec that — 6A^/ (Aa-Bb) is a simple root of F2(a, b; X) since 3A^/ (Aa-Bb) 7^ 

-6A2/(Aa5b) and 

T. 1 A.. 6Ab ..3 27/llX 27Al(2Al- Bl)\ 
ResultantxP^ + -r^,^ - bV b bM 



V AaSb' AlBl AlBl J 

= -4>13 +Bl^ -27L>b 7^ 0. 

(ii) For c = 3A|/(Aa-Bb), the condition AlBl - 27AlD^ = imphes 

, A3 r)2 . , "^A"^ \ 2 
Aa^b - 3i^aC' = ^a^b - 3(^^) [a~B^) = ^"^'^ " ^"^"^ " 

Conversely if (AaAb-3L'aC^) = then L'?,2(a, b) = 3B^{AiBl-27AlD^f = 0. □ 

We obtain a solution to the field isomorphism problem of /3(s;X) as a special 
case of Theorem 3.8 and Corollary 3.9 in Section 3. 

Theorem 4.3. Assume that /„(a;X) is irreducible and Aa^b 7^ 0. T/ien we have 

(1) - 27^3 Z^a = then Sp\,J,{a;X) = Sp\,J,{h;X) ; 

(2) If Al^B^ — 27 Al^Da 7^ then the following two conditions are equivalent: 

(i) SplM/3(a;X) = SplM/3(b;X); 

(ii) The sextic polynomial F2(a, b; X) has a root in M. 

Proof (1) Suppose ^la-^b " 27Ab-^a = 0; then it follows from Lemma 4.2 (i) that 
F2(a, b;X) has a simple root = -(6Ab)/(^a-Bb) e M for some g e Gs,t- Then 
L'i,2(a, b; cf ) = 3Sa(AaAb - 3D^{4y) = -9B^A^Ab ^ 0. Thus, by (15) and (16), 
we have M (cq, cf , C2) — M{c^) — M, and hence the assertion follows. 
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(2) If AlBl - 27 AlD^ ^ then £'[},2(a,b) • Dl^{a,h) ^ 0. Thus the assertion 
follows from Theorem 3.8 (or Corollary 3.9). □ 

Example 4.4. We give two examples which satisfy A^^B^ — 27 A^^Da — 0. 

(1) We take M = Q and a = (0, 3, -2), b = (3, -3, 3) e M. Then 

/3(a; X) ^X^ + 3X + 2, /3(b; X) ^ X^ - 3X^ -3X-3. 

We have (^a, ^a, C^, D^) = (-9, -54, 9, -216) and (^b, ^b, ^b) = (18, 216, -864). 
The Galois group of /3(a;X) and fs{h;X) over Q are isomorphic to 63 because 
/3(a;X) and f3{h;X) are irreducible over Q, and neither of Da = —2^ • 3^ and 
Dy, = -2^ • 3^ is a square in M. We also have AlB^ - 27 AlD^, = 0. By Lemma 
4.2 (i) we have 

.,a,b;..).(A-4) = (..-:)(A-3-f-?). 

Hence we take cf = 1 and get (cq, c^, cf) = (3, —1, 1) by (15) and (16). Thus we see 
that Q[X]//3(a;X) =q Q[X]//3(b; X). An explicit Tschirnhausen transformation 
from /3(a; X) to /3(b; X) over Q is given by 

/3(b; Y) = Resultantx(/3(a; X),Y-{3-X + X^)). 

We also obtain 

F,(a,b;X) = (x^-X + I)(x + l)(x3 + ^ + l), 
Fo(a,b;X) = X^{X - 3){X^ - 3X^ - A). 

(2) Take M = Q and a = (-3, -4, -1), b = (-1, -2, 1) e M. Then 

/3(a; X)=X^ + 3X' -4X + 1, f^ih; X) = X^ + X"" - 2X - 1. 

Wc have (Aa, fia, Ca, Da) = (21,-189,259,49) and (A^, B^, Db) = (7,7,49). The 
Galois group of /3(a; X) and /3(b; X) over Q are isomorphic to C3 because /3(a; X) 
and /3(b; X) are irreducible over Q and = Dy, = 7^. Since AlBl-27AlD^ = 0, 
we have, by Lemma 4.2 (i), 

F2(a, b; X) = (X - 1) ' (X + 2) (x^ - 3X - y ) . 

Thus we have cf = -2. We obtain (eg, cf , cf ) = (4, -7, -2) by (15) and (16), and 
Q[X]//3(a; X) =q Q[X]//3(b; X). An exphcit Tschirnhausen transformation from 
/3(a; X) to /3(b; X) over Q is given by 

/3(b; Y) - Resultantx(/3(a; X), y - (4 - 7X - 2X^)). 

We also obtain 

Fi(a,b;X) = (X-3)(X-4)(X + 7)(X^-37X-^), 
Fo(a,b;X) = (x + 3^ (x + 2) (x - 4) (^X^ + X^ - 14X + y). 
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Hence we have the other two Tschirnhausen transformations from /3(a;X) to 
/3(b;X) over Q by (15) as 

/3(b; Y) = Resultants (/3 (a; X),Y-{-3 + 3X + X^)), 
Mh; Y) = Resultantx(/3(a; X),Y-(-2 + AX + X^)). 

Theorem 4.5. For a, b G M^, we assume that /„(a;X) is irreducible, A^Ab ^ 
and ^a-^b ~ 27Aj^Z^a 7^ 0. The decomposition type of irreducible factors h^{X) 
of F2(a, b;X) over M gives an answer to the subfield problem of /3(s;X) as 
on Table 1. Moreover a root field of each h^^X) satisfies Splj\^ f^^a^X) — 
SplM,/3(b,X). 

Table 1 



Ga 


G\3 




(d,),d,^deg(h^(X)) 


63 


©3 


La ^ Lb, La n Lb = M 


(6) 


7^ ^b, [i^a n Lb : M] = 2 


(3)(3) 


-^a = L\3 


(1)(2)(3) 


C3 




(6) 


C2 


La 75 Lb 


(6) 


La 3 -Z^b 


(3) (3) 


{1} 


-^a ^ Lb 


(6) 


C3 


C3 


La 7^ -^b 


(3)(3) 


^a = Lb 


(1)(1)(1)(3) 


C2 


^a n Lb = M 


(6) 


{1} 


La D Lb 


(3) (3) 



Proof. Form Proposition 3.7 and the assumption A'lB^ — 27 A'^D^ 7^ 0, we have 

(17) L^Lb^L^M{ci)^LbM{ci) for g e G,,t. 

Hence two polynomials /3(a;X) and /3(b;X) are Tschirnhausen equivalent over a 
root field of each irreducible factor h^{X) of F2(a, b; X). 

(i) The case of Ga ^ ©s- 
(i-1) If La n Lb = M then it follows from (17) that [M(cf) : M] = 6. Hence 
F2(a, b; X) is irreducible over M. 

(i-2) If [La n Lb : M] = 2 then, by Proposition 3.12, F2(a,b;X) splits into two 
cubic factors F^{X) and F2{X) over M, and each cubic factor is irreducible over 
M because we have [M(cf) : M] > 3 from (17). 

(i-3) If Gb = 63 and La = Lb then F2(a, b; X) also splits into two cubic factors over 
M, and one of them must has a linear factor from Theorem 4.3. By Proposition 
3.7 (ii), we see that the factorization pattern of F2(a, b;X) is equal to (1)(2)(3). 
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(ii) The case of = C3. 
(ii-1) If Gb = C3 and La 7^ then, by Proposition 3.12, F2(a, b;X) sphts into 
two cubic factors over M and each cubic factor is irreducible over M because we 
have [M(cf) : M] > 3 from (17). 

(ii-2) If Gb — C3 and La = L^, then F2(a, b;X) also splits into two cubic factors 
over M, and one of them must has a linear factor from Theorem 4.3. By Proposition 
3.7 (ii), we see that the factorization pattern of F2(a, b; X) is equal to (1)(1)(1)(3). 
(ii-3) If Gb = C2 then it follows from (17) that [M(cf ) : M] = 6. Hence F2(a, b; X) 
is irreducible over M. 

(ii-4) If Gh = {1} then, by Proposition 3.12, L2(a, b;X) splits into two cubic 
factors F2{X) and F2~(X) over M, and each cubic factor is irreducible over M 
because we have [M(c2) : M] = 3. □ 



4.2. Special case 1 : X^+S2X—S3. Assume that char k 3. We treat a /c-generic 
polynomial of the form /3(0, ,52, S^, X) = X^+S2X-S3. Define X := (Xi, X^, X3), 



Xi := Xi - Si/3, X2 := X2 - Si/3, X3 := X3 - Si/3. 



Then k{X.) := k{Xi,X2,X3) C k{xi,X2,X3) and Xi + X2 + X3 ^ 0. The action 
of S3 on k{xi,X2,X3) induces an action on k(K) which is linear and faithful. We 
see A;(X)®3 — k(S) where S = (5"!, 5*2, 5*3) and Si is the i-th elementary symmetric 
function in Xi, X2, X3. We have 



^ _ . _ As _ -{sj - 3s2) ^ _ Bs _ 2sl - 95152 + 2753 
- - "T - 3 ' - 27 " 27 ■ 



The polynomials /^{O, 82, S3; X) and f3{s;X) are Tschirnhausen equivalent over 
k{s). Moreover, f3{S;X) generates the field extension k{X.)/k{X.)^^. After spe- 
cializing parameters s 1— > a = (01,02,03) G M^, the polynomials f3{a.;X) — 
X^ - aiX^ + 02X - 03 and /3(0, A2, A3; X) ^ X^ + A2X - A3 are Tschirnhausen 
equivalent over M where A2 := -Aa/3, A3 := Bj27. Put T := (0,r2,r3). Then 
we have 



L»s = Discx/3(0, ^2, ^3; X) = -4Sl - 21 Si 

AlB?^ - 27yl|,Ds = -729(45|T| + 27SiTi + 27SlT^). 
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We also obtain 



Fo(S, T; X)^X'- + 



(18) Fi(S,T,X) = X + X 



+ Dl 

F,{S, T; X) = - l^x^ + 

815|7| 2 _ 243^2T2r3 729(5|r| - 5|r|) 
D| Dl Dl 

Put F°(52, -53, T2, T3; X) := F2(S, T; X). Then we have 

Theorem 4.6. For {A2, A3), {B2, B3) e with AAlBl + 27A|5| + 27^^51 ^ 0, 
t/ie decomposition type of irreducible factors hn{X) 0/ F2 (A2, A3, S2, S3; X) over 
M gives an answer to the subfield problem of X^ + S2X — S3 as on Table 1. 

4.3. Special case 2 : X^ + sX + s. Assume that char k ^ 3. Define A2 : = 
—Aa/3, A3 := -Ba/27 as in the previous subsection. For a = (ai, 02, 03) G with 
As, and i?a 7^ 0, the polynomials /3(a; X) and /3(0, a, —a; X) = X'^ + aX + a 
are Tsehirnhausen equivalent over M, where 

A| _ _27A| _ 27(a^ - 802)=^ 

Al~ El ~ (2a? -9aia2 + 2703)2 ■ 

This follows from the equality 

3 . . A2X\3 / AaXx \ 

x3 + ^,X-^3 = -4((-^) +a(-^)+a). 

We take a = (0, a, -a) e and b = (0, 6, -6) e M^. Then 

L'a = Discx/3(0, a, -a; X) = -0^(40 + 27), 
AlBl - 21AlD^ = -7290^6^(406 + 27a + 276). 

Remark 4.7. It may be notable that the Tsehirnhausen equivalence in the previous 
two subsections is affinely obtained; that is, it is given by linear forms. 

By Theorem 4.3, we see that if 4a6+27a + 276 = for a, 6 e M then X^ + aX + a 
and that X^ + 6X + 6 are Tsehirnhausen equivalent over M. Hence 

1 27a 27a 
X^ + aX + a and X^ - — X - 



4a + 27 4a + 27 
have the same splitting field over M. 
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Example 4.8. For M = Q, we have 

Sp1q(X3 - 189X - 189) = Sp1q(X^ -7X-7), 
Sp\q(X^ - 27 X - 27) = Sp1q(X=^ -9X-9), 
Sp\q{X^ -ex -6) = Sp\q{X^ + 5AX + 54). 

In our special case, we have 
Fo(0, 0, t, -t; X)^X'- ^X' - 

Dl ^ Dl Dl ' 

F,(0, 0, -t, X)^X' + ^X' + ^X' + 

SlsH'^ sH\27s'^ + 729t + lOSsi + 45^^) 



s 



F2(0, -s, 0, t, -t; X) = X'- - 

^^"^ ^^"^ ^! 
where = -5^(45 + 27). We put ^2(5, t- X) := F2(0, s, -s, 0, t, -t; X), and have 
the following theorem. 

Theorem 4.9. For a,b E M with Aab + 27a + 27b ^ 0, the decomposition type 
of irreducible factors hfj,{X) of G2{a,b; X) over M gives an answer to the subfield 
problem of X^ + sX + s as on Table 1. 

In the paper [HM07], we gave an answer to the field isomorphism problem of 
X^' + sX + s in the case of char k ^ 3. Here wc present a slightly modified version 
of the result in [HM07] (cf. Theorem 1 and Theorem 7 in [HM07]). First wc note 
that if G2{a, b; X) has a root zero, i.e. G2{a, b; 0) = 0, then ab{a — b) = 0. Assume 
that a ^ b. Then we have 7^ for ^ e H\Gs,t- Put u :— 3ci/c2. Then we obtain 
(co,ci) = (2ac2/3, MC2/3) and 

_ 3(^2 + 9u- 3a) 

— 2au^ — 9au — 2a^ — 27a 
Under the condition a(4a + 27) 7^ 0, we see that — 2av? — 9au — 2o? — 27a ^ 0. 
Hence we have M(co,Ci,C2) = M{u). Prom the direct computation, we obtain 
(« - • n^e//\G,, - =: H{a, b; X) where 

H{a, b; X) = 0(^2 + 9X - 3af - - 2aX'^ - 9aX - 2a^ - 27af. 

Note that the polynomial H{s,t;X) E k{s,t)[X] is /c-generic for ^'3 x S^. We also 
see BiscxH{a, b; X) = a^%\4a + 27)1^(46 + 27)^. 
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Theorem 4.10. For a,b & M with a ^ b, the decomposition type of irreducible 
factors hfj,{X) of H{a,b;X) over M gives an answer to the subfield problem of 
+ sX + s as on Table 1 . In particular, two splitting fields of X^ + aX + a and 
of X^ + bX + b over M coincide if and only if there exists u & M such that 



By applying Hilbert's irreducibility theorem and Siegel's theorem for curves of 
genus to Theorem 4.10 respectively, we obtain the following corollaries: 

Corollary 4.11. If M is a Hilbertian field then for a fixed a E M there exist 
infinitely many b E M such that Splj^{X^ + aX + a) = Splj^{X^ + bX + b). 

Corollary 4.12. Let M be a number field and Om the ring of integers in M. For 
a given integer a G Om, there exist only finitely many integers b e Om such that 
Splji^(X3 + + a) = SpV(X3 + 6X + 6). 

Proof. We may apply Siegel's theorem (cf. [Lan78, Theorem 6.1], [Lan83, Chapter 
8, Section 5], [HSOO, Theorem D.8.4]) to Theorem 4.10 because the discriminant of 

— 2au^ - 9au - 2c? - 21a with respect to u equals -a^(4a + 27)^. □ 

Remark 4.13. T. Komatsu [Kom] treated a cubic generic polynomial g{t^Y) = 

— t{Y + 1) G /c(t)[y] in the case of char A; 7^ 2, 3. He obtained a sextic polynomial 
P{ti,t2]Z) satisfying Splfc(i^i2)P(ti,t2;^) = Spl^,(tj^t,) ^(ti, F) -Spl^j^^j^) c/(t2, via 
his descent Kummer theory (see also [Kom04]). His paper [Kom] treats the subfield 
problem of g{t, Y) by using the sextic polynomial P{ti, ^2; Z). 

4.4. The case of char A; = 3. In this subsection we study the case of char A; = 3. 
We have, in this case, 

— '^1, Bg — —Si, Dg — S^S2 ~ 'S2 ~ •Si^S- 

By comparing the coefficients of (10) with respect to X, we obtain 



6 = 



a(u'^ + 9u- 3a)^ 



(19) 




Uq = 



sjti 

tl - {sj + S2)U2 





tfPs - slDt 




„30j.12 7-)3 
^1 ''1 



Hence we have 
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Theorem 4.14. For a = (01,02,03), b = (61, 62,^3) e with oibi ^ 0, the 
decomposition type of irreducible factors h^{X) o/F2(a, b;X) over M gives an 
answer to the subfield problem of — siX"^ + S2X — S3 as on Table 1. 

Next we treat the case of ai = 0. Without loss of generality we may assume that 
Oi = 0,bi = because the polynomial /3(0, s, —s) — X'^ + sX + s is /c-generic for 
63. Actually for /3(s; X) ^ X^ - siX^ + S2X - S3 = 0, we take 



-S2 - SiX 

and have 

y3 + £1 Y + = 

22 3 322 3 3 

*1*2 ~ '^2 ~ '^1*3 S1S2 — S2 — S^Ss 

Hence for a = (01,02,03) e with ai • Da 7^ 0, the polynomials /3(a; X) and 
X H — K — ^ 5 5 — X + 



(2^0.2 — ^2 — O'^O^ o'^02 — 0-2 — '^iC^3 

are Tschirnhausen equivalent over M. 

After specializing parameters (si,ti) = (0,0) and then by comparing the coeffi- 
cients of (10) with respect to X, we obtain 

S2(t3 ~ hUo - Ul) 
Ui = , U2 = 0. 

53^2 

Since the equalities (18) are also valid for char k — 3, we have 

Fo(0, S2, S3, 0, t2, ts; X) = - ^2^' + ^3^' + ^2^' + ^2^3^ + ~ 



„3 
*2 



2 



Fi(0,S2,S3,0,t2,t3;^) = (X 

\ S2 

F2(0,S2,S3,0,t2,t3;X) = X\ 

We take /3(0, s, -s; X) ^ X^ + sX + s. Then Discx/3(0, s, -s; X) = -s^ Define 
G^(s,t;X) :=Fo(0, s,-s, 0,i,-i) 

^ - - tx"" + t^x^ - ex + fi^^. 

s 

We see that the discriminant of Gq(s, t; X) with respect to X is equal to t^^/s^. 

Proposition 4.15. The polynomial Go(s,t; X) is k -generic for &3 x 63. 

Theorem 4.16. For o,,b E M with ab ^ 0, the decomposition type of irreducible 
factors h^(X) of Go(a,b; X) over M gives an answer to the subfield problem of 
X^ + sX + s as on Table 1. 
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5. Cyclic cubic case 
Let the cychc substitution a — (123) e ©3 act on 2:2, x-^) as 
a : Xi I — > X2, X2 I — > Xs, X3 I — > Xi. 
Put Ki — k{zi,Z2,Z3) C k{xi,X2,X3) where 

_ Xi- X2 _ X2- X3 _ Xs- Xi 

Zl :— , Z2 '■— , Z3 :— . 

X2 - X3 X3- Xi Xi - X2 

Then we have 

-1 _-{l + Zi) 

Z2 — — , Zs — . 

I + Zl Zl 

Hence the transcendental degree of Ki over k is equal to one, and C3 = (a) acts 
on Ki = k{zi) faithfully as 

-1 -(l + ^i) 
a : Zl I — > I — > I — > Zl. 

1 + Zl Zl 

We consider the Ca-extension Ki / A'f ^ . Put 

xGOrb(^)(2i) 

= - fhX^ - (m + 3)X - 1, 

where 

_ zf — 3zi — 1 —{xl + X2 + xl — 3x^X2 — 3x^X3 — 3X3X1 + 6X1X2X3) 

zi{zi + l) (a:;2 - a:;i)(a:;3 - a^i)(3:;3 - 2:2) 

We have K^'^ = k{rh) and the splitting field of g^^{m\X) over A';(m) equals Ki. 
The polynomial g'~'^{m] X) is /c-generic for C3 and is well-known as Shanks' simplest 
cubic [Sha74]. 

Lemma 5.1. The polynomials /a(s; X) — X^ — siX"^ -\- S2X — S3 and g'^^{fh; X) — 
X^ — rhX'^ — {m-\- 3)X — 1 are Tschirnhausen equivalent over k{xi, X2, xa)*^^. 

Proof. We see that the sphtting field of g^^{m; X) over k{xi,X2, Xa)*^* is k{xi, X2, X3) 
as follows: 

(i) The case of char k ^ 2. We see A;(xi, X2, xa)*^^ = S2, ss, Ag) where 
As = {x2 — Xi){x3 — Xi){x3 — X2). We have, furthermore, 

_ -As + S1S2 - 9ga - 2As2:i _ As - S1S2 + 9s3 {si - 3s2)xi 

(^zUj Xi — 0/ 2 o \ T Zi 



2{sl-3s2) ' ' 2As As 

for i = 1, 2, 3. 

(ii) The case of char k — 2. We now see k{xi,X2,X3)^^ — k{si, S2, S3, (3s) where 
Ps is the Berlekamp discriminant as in (9). We have, for i = 1, 2, 3, 

_ {S1S2 + S3){Ps + Zi) _ {sl + S2)Xi 

Xi — 9 T Zi Ps -r 

Sf + S2 S1S2 + S3 

□ 
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We express the element m in terms of Si, S2, S3 and Ag (resp. f3s) in the case of 
char k ^ 2 (resp. char k = 2). For an arbitrary field k, we have 

k{xi,X2, Xs)^^ = k{si, S2, S3, xixl + X2xl + xsxl) 

and 

_ — sf + 6S1S2 — I8S3 — 3{xixl + xfxs + X2xl) 
—S1S2 + 3ss + 2{xiX2 + xjxs + X2xl) 

Then in the case of char k ^ 2, it follows from 

Xixl + X2xl + X3XI = (As + S1S2 - 3S3)/2 

that 

3As + 2sl - 9siS2 + 27s3 / 3As + 



m 



V 2 As /■ 



2As 

In the case of char k = 2, we have 

Xixl + X2xl + X3XI = S1S2 + /3sSiS2 + /?sS3, 

and then 



si + S1S2 + /3sSiS2 + PsSs ( SxA^ + /5sfis 

m — — 



S1S2 + S3 



By applying Theorem 4.5 to M = k{x\, X2, xs)^^, there exist three Tschirnhausen 
transformations from /3(s;X) to g'^'^ {in; X) which are defined over k{xi, X2, x^)'-^^ . 
By specializing parameters (^1,^2,^3) ^ (m, — (m + 3),l) e k{xi,X2,X3)'-^^ of the 
polynomial ^2(3, t; X), we exphcitly obtain coefficients (c^, cf , cf) of Tschirnhausen 
transformations from /3(s;X) to g'^^{'m;X) over k{xi,X2,X3)'-'^: 

g^'(m; X) = Resultanty (/3(s; F), X - (c^ + cfF + cfF^)). 

In the case of char /c 7^ 2, we obtain explicit factors of ^2(3, m, — (m + 3), 1; X) by 
(13): 

F2(si, S2, S3, m, -(m + 3), 1; X) 

^l\f^ , \f^3 Al{2A,s, - 3siS2 + 27s3) N 



^1 
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Hence we have {4 \ g = (l,r) G i/\a,t, ^r) G 2I3} = {0, Al/ -Al/ ^1}. 
From (20) we see C2 = 0. By (15) and (16), we obtain Cg and c\ from cf: 

/As(^S2-si + 3siS3)-(AsSi-£;s)As-A2 ^(-2Asi + + As) a: 



2 

^ 

"2A2 ' 2A2 ' Afy 



(^92 92 92 ^ 



-^(Ag2 - gj + 3gig3) - {A^si - E^)A^ - Al A^{2A^si- E^ + A^) 

2A2 ' 2A2 ' AV 



where E, = S1S2 - Qsa, ^ = (1, n) e H\Gs,t and x/jin) e 2l3\{l}, (i = 1,2). With 
the aid of computer algebra, we can check 

(21) Z2 = ^4'+ Cf + Z2 = "^^—^ = Cg^ + Cf + (fxl 

X2, -Xi Xi- X2 

Hence we get V(ri) = (123) e 2I3 and ^(7-2) = (132) e 2I3. 

In the case of char A; = 2, we see AlBl — 21A^Ds — where t = (^1,^2,^3) = 
(m, — (m + 3), 1). Hence, by using Lemma 4.2 (i), we have 



F2(si, S2, S3, m, -(m + 3), 1; X) 



SlS2 + S3)^^ ^ {siS2 + S^y (S1S2 + S3)^ 



By (15) and (16) we obtain 



(co,ci,C2)= (/3s, ^^-^^,0). 



Sf + S2 
S1S2 + S3 

We also obtain the coefficients of two other Tschirnhausen transformations which 
satisfy (21): 



f Psjsl + S3) (sf + S2)(sj + S3 + /3sSiS2 + /9sS3) (s^ + S2)' \ 
V S1S2 + S3 ' (SiS2 + S3)2 ' (S1S2 + S3)2/' 

(Cq , cf , cf ) = 

/S? + SiS2 + /9sS? + /3sS3 (Si + S2)(s? + SiS2 +/3sSiS2 + /9sS3) (s? + S2) 



V S1S2 + S3 ' (siS2 + S3)2 '(siS2 + S3)2. 

Now we assume that the Galois group of /3(a; X) — — a-iX'^ + 02^ — 03 
over M is isomorphic to C3. By specializing parameters s = (si,S2,S3) 1— > a = 
) G with 7^ and Sa 7^ in Lemma 5.1, we see that /3(a;X) 
and g^^{m; X) — X^ — mX'^ — (m + 3)X — 1 are Tschirnhausen equivalent over M 
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where 

3Aa + 2al - 9aia2 + 27a3 



(22) m = < 



2Aa 

af + aia2 + I3s,aia2 + /^aOa 



, if char A; 7^ 2, 
if char k — 2. 



aia2 + as 

From now on we take a = (m, — (m + 3), 1), b = (n, — (n + 3), 1). Then we have 
/3(a; X) = X^- mX^ - (m + 3)X - 1, /3(b; X) = X^ - nX^ -{n + 3)X - 1, and 

L>a = Discx/3(a; X) = (m^ + 3m + 9)^ 

- 27 AlD^ = Da-Db(2mn + 3m + 3n + 18)(2mn + 3m + 3n - 9). 

We have Aa = m^ + 3m + 9 and Ab = + 3n + 9 and also 



where 



and 



F2(a, b; X) = F+{m, n; X)F^{m, n; X) 



T?+(^ ^. Y\ ^ (m - n)Ab 
F^{m,n;X) = X - — X — , 

^a 

f,-(m.n;X)=X3-^X+ ''" + " + ^'^- 

Aa A^ 



/^+/ ..XX A? (2mn + 3m + 3n + 18)^ 

a 

/ A?(2mn + 3m + 3n-9)2 
Discx(F2-(m, n; X)) = — ^ 



At 

Note that F2[m, n; X) = F^{m, —n — 3; X). Wc sec that ifm + n + 3 = then 
X^ — mX'^ — (m + 3)X — 1 and X^ — nX"^ — (n + 3)X — 1 have the same sphtting 
field over M . Hence 

X^-mX2-(m + 3)X-l and X^ + {m + 3)X'^ + mX - 1 

are Tschirnhausen equivalent over M. By Lemma 4.2 (i) and Theorem 4.3 (1) if 
(2mn + 3m + 3n + 18)(2mn + 3m + 3n-9) = then X^ -mX^ - {m + ?>)X -I and 
X^ — nX"^ — {n + S)X — 1 have the same splitting field over M because F2(a, b; X) 
has multiple roots but also has a simple root. 

Theorem 5.2. Form,n G M, two splitting fields o/X"^ — mX^ — (m + 3)X — 1 and 
of X^ — nX"^ — (n + 3)X — 1 over M coincide if and only if F2{m, n; X)F2^(m, n; X) 
has a root in M. 



Example 5.3. We take M = Q. If (m, n) G {(-1, 5), (-1, 1259), (0, 54), (5, 1259)} 
then F^{m,n;X) splits completely over Q. If (m,n) G {(-1,12), (0,3), (1,66), 
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(2,2389), (3,54), (5,12), (12,1259)} then F2{m,n]X) splits completely over Q. 
Hence we see 

L-l — L^— 1/12 — -f'1259) Lq — L3 — L54, Li — Lee, -^2 — -^'2389, 

where — Sp1q(X^ — mX'^ — (m + 3)X — 1). We have observed that for integers 
m and n in the range —l<m<n< 100000, F^{m, n; X)F2{m, n; X) has a linear 
factor over Q only for the values of (m, n) noted above. 

In the case of char k 2,3, we obtain by using (22) that F2{m, n; X) and 

3(mn + 6m — 3n + 9) 3(mn — 3m + 6n + 9) 

g+(m, n; X) := X^ + — -X^ ^ -X - 1 

^ ^ ' ' ' 2mn + 3m + 3n + 18 2mn + 3m + 3n + 18 

are Tschirnhausen equivalent over M. We also see that F2~(m, n;X) and 

3(mn — 3m — 3n — 18) 3(mn + 6m + 6n + 9) 

g (m,n;X) := X"^ + — -X^ -X - 1 

2mn + 3m + 3n — 9 2mn + 3m + 3n — 9 

are Tschirnhausen equivalent over M. 

Putting Z^{X- 1)/{X + 2) we have X = -{2Z + 1)/{Z - 1) and 

u + ( 7\ 1 +/ -(2^ + 11 
h^[m,n; Z) := — -g^[m,n] 



3^(m — n) \ Z — 1 

mn + 3n + 9 „9 mn + 3m + 9 „ 

z-^ Z^ Z - 1, 

m — n m — n 

1 _/ -{2Z + 1)' 



h {m,n;Z) := — — ——— g [m,n; — - — - — ] 
3'*(m + n + 3) V Z — 1/ 



mn + 3m + 3n mn — 9 ^ 

Z^ + Z^ + Z - 1. 

m+n+3 m+n+3 



We also obtain 



A2A2 A^A^ 
Discz(/i+(m,n;Z)) = . Discz(/i"(m, n; Z)) - ^ 



(m-n)4' V ' ' (^ + ^ + 3)4- 

In the case of char = 3, using the result in Subsection 4.4, we directly see 
that F2{m,n]X) (resp. F2~(m, n;X)) and h'^{m,n; Z) (resp. h~ {m,n; Z)) are 
Tschirnhausen equivalent over M. Therefore we get the following theorem which 
is an analogue to the results of Morton [Mor94] and Chapman [Cha96] . 

Theorem 5.4. Assume that char k ^ 2. For m,n e M, two splitting fields of 
X^ - mX^ -(m + 3)X-l and of X^ - nX^ -(n + 3)X-l over M coincide if 
and only if there exists z & M such that either 

m(z^ -3z-l)^ 9z(z + 1) m(z^ + 3z^ - 1) + 3(z^ - 3z - 1) 

Tl — ^ OT Tl — ^ 

mz{z + l) + z^ + 3z'^ -1 mz{z + 1) + z^ + 3z'^ - 1 

Proof We should check only the case of {m — n){m + n + 3){2mn + 3m + 3n + 
18) (2mn + 3m + 3n — 9) =0. If we take z — then we have n — morn— —m — 3. 
If we take z—1 then we get n = — 3(m + 6)/(2m + 3) or n = — 3(m — 3)/(2m + 3) 
which corresponds to 2mn + 3m + 3n + 18 = or 2mn + 3m + 3n — 9. □ 
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By applying Hilbert's irreducibility theorem and Siegel's theorem for curves of 
genus (cf. [Lan78, Theorem 6.1], [Lan83, Chapter 8, Section 5], [HSOO, Theorem 
D.8.4]) to Theorem 5.4 respectively, we get the following corollaries: 

Corollary 5.5. If M is a Hilbertian field then for a fixed m E M there exist 
infinitely many n E M such that two splitting fi.elds of — mX^ — (m + 3)X — 1 
and of X^ — nX^ — {n + 3)X — 1 over M coincide. 

Corollary 5.6. Let M be a number field and Om the ring of integers in M. For 
a given integer m e Om, there exist only finitely many integers n e Om such that 
two splitting fields of X^ - mX"^ - (m + 3)X - 1 and of X^ - nX'^ -{n + 3)X - 1 
over M coincide. 

Proof. We may apply Siegel's theorem to Theorem 5.4 because the discriminant 
of the denominator mz{z + 1) + + 'iz^ — 1 (= 2;^ + (m + 3)^^ + mz — 1) of the 
equalities in Theorem 5.4 is given as [rr? + 3m + 9)^. □ 



6. Some sextic generic polynomials 

Assume that char k ^ ?>. Let Hi and H2 be subgroups of 63. Let k{s, t) be 
the rational function field over k with variables s, t. We take a /c-generic poly- 
nomial /3(a;X) e /c(s)[X] for Hi with one parameter s and a /c-generic polyno- 
mial /3(b;X) G A;(t)[X] for H2 also with one parameter t where a G k{sY and 
b e k{tf. Assume that g'^^^'^^^s, t; X) := F2(a, b; X) has no multiple root. Then, 
by Theorem 3.10, g^^^'^^\s,t; X) is a /c-generic polynomial for Hi x H2 with two 
parameters s, t. Note that there exists no Q-generic polynomial with one param- 
eter except for the groups {1},C2,C3,63 (cf. [BR97], [Led07], [CHKZ]). If we 
take {Hi,H2) G {(63,63), (63,^3), (63,^2), (63, {1}), (C3,C2)}, then it follows 
from Theorem 4.5 that g^^^'^'^\s,t; X) is irreducible over k{s,t) because we have 
La n Lb = k{s,t). Hence Hi x H2 can be regarded as a transitive subgroup of 65 
naturally. 

(1) The case of {Hi, H2) = (63, 63). We take a = (0, s, -s), b = (0, t, -t). Then 
we have ^(a; X) = + + s, /3(b; X) ^ X^ + tX + t, AlBl - 27AlD^ = 
-7293^"^ {Ast + 27s + 27t), and 

g^^''^'\s,t;X) := 1 ^2(0, s, -s, 0, -i; 3X) 

s{4s + 27) s2(4s + 27) 



s2(4s + 27)2 s3(4s + 27)2 s4(4s + 27)^ 
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this is a fc-generic polynomial for 63 x ©3 C ©e- 



(2) The case of {Hi,H2) = (63, C3)- We take a = (0,s,-s),b = {t,-t - 3,1). 
Then we have /3(a;X) ^ + sX + s,/3(b;X) = X^ - tX'^ - {t + 3)X - 1, 
AlBl - 27 AID ^ = 7295^(^2 + 3^ + 9)2^^2 ^ 3^ ^ 9 ^ 

g^'^'''''\s,t;X) := F2{0, s, -s,t, -t - 3,1; X) 

^ ^6 _ 6(t^+3t + 9) ^4 _ (2i + 3)(t^+3t + 9) ^3 
s{4s + 27) s2(4s + 27) 

9(t^ + 3t + 9)' 2 3(2t + 3)(t' + 3t + 9)' 
^ s2(4, + 27)2 ^ s3(4s + 27)2 

(t^ + 3t + 9)2(4st2 + 27t2 + 12st + 9s + 81t + 243) _ 
^ s4(4s + 27)3 ' 

this is a A;-generic polynomial for ©3 x C3 = C3 ? C2 = (C's x C3) x C2 C ©e- 

After specializing (s, t) 1-^ (a, b) G M^, we see that if 6^ + 36 + 9 + a = then 
X^ + aX + a and X^ - hX'^ - (6 + 2>)X - 1 have the same sphtting field over M. 
More precisely, 

X3-(62 + 36 + 9)X-(62 + 36 + 9) and - ftX^ - (6 + 3)X - 1 

are Tschirnhausen equivalent over M. We also see that if Aab"^ + 276^ + V2ah + 9a + 
816 + 243 = then X^ + aX + a and X^ - bX^ - {b + 3)X - 1 have the same 
splitting field over M. Hence we see 

are Tschirnhausen equivalent over M. Here the equivalence is given by an affine 
form. 

(3) The case of {Hi, H2) = (©3, C2). We take a = (0, s, -s),b= (0, -t, 0). Then 
we have /3(a;X) ^ X^ + sX + s,fs{h;X) = X{X^ - t), AlB^ - 27AlD^ = 
729s2t^(4s + 27), and 

g^'^^'^'\s,t;X) := ^ F^iO, s, -s,0, -t,0;3X) 

2f f2 ^3 

s(4s + 27) s2(45 + 27)2 54(4^ + 27)^ ' 

this is a /c-generic polynomial for 63 x C2 = -De C ©e where i^g is the dihedral 
group of order 12. 



(4) The case of {Hi,H2) = (©3,{1}). Assume that char k ^ 2. We take a = 
{0,s,-s),h ^ {0,-1,0); then f^{eL;X) ^ X^ + sX + s,Mh;X) ^ X{X + 1){X-1) 
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and AlBl - 27 AlD^ = 729s^{4:S + 27). We obtain 

g^^^^™{s,t;X) := 1 F2(0, -s, 0, -1, 0; 3X) 

9 1 1 

s(4s + 27) s2(4s + 27)2 ^ s4(4s + 27)^ ' 

this is a /c-generic polynomial for ©3 C &q. We also obtain the following fc-generic 
polynomial for ©3 with one parameter s: 

^ X^- 2s(4s + 27)X^ + s\As + 27)^X2 + s\As + 27)^ 

Two polynomials /3(a; X) — X^ + sX + s and h^^{s; X) have the same splitting 
field over k{s). 

(5) The case of (i/i.i/s) = (03,02). Wc take a = {s,-s - 3, l),b = (0,-t,0). 
Then we have /3(a; X) = X'^ - sX^ -{s + 3)X-l, f^ih; X) = X{X^-t), AlB^ - 
27AlD^ - -729t3(s2 + 3^ + 9)2^ and 

^(^^■^^)(s,i;X) := F2is,-s-3,l,0,-t,0;X) 

^ v6 6t , (25 + 3)2^3 _ 

s2 + 3s + 9 (s2 + 3s + 9)2 (s2 + 3s + 9)4' 

this is a fc-gcncric polynomial for O3 x C2 = Oq G Qq. 

In the case of char A; = 3, we should use Fo(a, b; X) instead of F2(a, b; X) because 
of the result in Subsection 4.4. Here we give only g'^^^'^'^'>{s,t; X) :— Fo(a, b;X) 
for each {Hi,H2) in the case of char A; = 3: 

^(®3'®3)(l/s,t;X) = X"" - tX^ - tX"^ + eX^ - ex - e{st - I), 
g^'^''^'\l/s,t;X) = X'' + tX'' + t{t + l)X^ + {st^-t^ + l)X^ 

- t{st^ - t + 1)X'^ - t{st^ + 1)X + sH^ + st^ - st^ + 1, 
g^^''^'\l/s,t;X) = X<'-tX' + t^X'' + st^ 
^(®3'™(l/s,t;X) = X^-X^ + X^ + s, 
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